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Abstract

This paper proposes a novel approach for identifying coefficients in an earn-
ings dynamics model with arbitrarily dependent contemporaneous income
shocks. Traditional methods relying on second moments fail to identify these
coefficients, emphasizing the need for nongaussianity assumptions that cap-
ture information from higher moments. Our results contribute to the lit-
erature on earnings dynamics by allowing models of earnings to have, for
example, the permanent income shock of a job change to be linked to the

contemporaneous transitory income shock of a relocation bonus.
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1. Introduction

This papers analyzes the canonical model for the earnings dynamics (ED)

process,
i = Ui + Wi, i=1,....n, t=1,...,T,
Vit =M1+ ...+ Nty (1)

Wit = g&it—q + ... + a1&—1 + it

where y;; is the residual of a regression of log earnings on covariates, v;; is
permanent income component modeled as a random walk with permanent
shock n;, and w;; is transitory income component modeled as a moving av-
erage process of order ¢ with transitory shock &;.

While previous research has been interested in allowing for unobserved
individual-level heterogeneity (e.g., Almuzara, 2020; Botosaru, 2022; Boto-
saru and Sasaki, 2018; Browning and Carro, 2007; Meghir and Pistaferri,
2004), most have assumed that contemporaneous permanent and transitory
shocks are uncorrelated. In contrast, we focus on the ED model with a
more limited degree of unobserved individual-level heterogeneity but allow
for correlated contemporaneous shocks.

Our goal is to show identification of the coefficients in the MA(q) process
of the transitory income component, which we show in some cases is not iden-
tified by traditional methods relying on second moments. To achieve this, we
introduce nongaussianity assumptions that capture information from higher
moments. Our approach can accommodate scenarios where, for example, a
job change comes with a relocation bonus that links the permanent shock of

a job change with the transitory shock of a relocation bonus.



The techniques used in this paper are similar to those employed in Ben-
Moshe (2021) on measurement error models. However, the system of equa-
tions and dependence assumptions in the measurement error model are dif-
ferent from those in the ED model considered in this paper.! In Ben-Moshe
(2018), coefficients are assumed to be known and distributions are identified,
while in this paper, we identify the coefficients. Once the coefficients in the
ED model are identified, the results from my previous work can be used to

identify the joint distribution of income shocks.

2. Identification

This section identifies the coefficients in the ED model (1) allowing con-

temporaneous income shocks to be arbitrarily dependent.
Assumption 1. &, ..., &0, (&,m), ..., (&r,nr) are mutually independent.

Theorem 1. Suppose that (1) and Assumption 1 hold. Assume qg+3 < T and
a1 ¢ {0,1},a, ¢ {0,1}. If & is nongaussian then ay, ..., a, are identified.

The proof involves several steps. First, the system of linear equations is
transformed into a functional equation through the log characteristic func-
tion. This equation is the sum of log characteristic functions of the income
shocks. Then, a sequence of derivatives is taken to eliminate functions. At

each step, arguments are chosen reflecting a change in direction that will

4 a ,
!The measurement error model with a single regressor is (%1) = ( 1) &+ (ml) ;
Yio 1 Ni2

while the closest ED model in this paper is v it + 1i0 .
Yi2 ar 1) \&a N2 + iz
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allow the next derivative to eliminate a function. In these cases, the order in
which the derivatives are taken matters, as changing the order can affect the
direction and result in the derivative not eliminating a function. However,
when the arguments do not change, the order in which the derivatives are
taken does not matter. Finally, the resulting system of differential equations
can be integrated to show that &; is normal or the coefficients are identified.

Theorem 1 identifies the coefficients in the ED model with dependent
contemporaneous shocks. The most common way to identify coefficients is
by second moments but this results in equations that are nonlinear in the
parameters. Further in the case that ¢ = 1, the following theorem states that
second moments do not identify the coefficient a; no matter how large 7', so

that information from higher moments is required for identification.

Theorem 2. Suppose that (1) and Assumption 1 hold. Assume that ¢ = 1
and a; # 0. If shocks are jointly normal with positive definite covariance

matriz then ay is not identified.

The system of covariance equations is linear in the unobserved covari-

ances g, 07,0y, 6,505, - .- An observationally equivalent model is obtained

mo
by solving this system of linear equations.

The following lemma states that under the stronger assumption that n,
and &; are independent, identification is possible with ¢ 4+ 1 time periods,

rather than ¢ 4+ 3 time periods as in Theorem 1.

Lemma 1. Suppose that (1) and Assumption 1 hold. Assume that m; and
& are independent and & is nongaussian. If ¢ +1 < T and a; # 0 then

ai,...,aq are identified.



3. Summary

This paper identifies coefficients in an earnings dynamics process with ar-
bitrarily dependent contemporaneous permanent and transitory shocks. The
coefficients are in general not identified by second moments and so require a

nongaussianity assumption for identification.

Appendix A.

The following theorem from Marcinkiewicz (1939) states that if the log
characteristic function of a random variable is a polynomial in a neighbour-

hood of the origin then the random variable is normally distributed.

Theorem 3. (Marcinkiewicz, 1939). Let ¢(.) be a polynomial in a neigh-
bourhood of the origin. If ©(.) is a log characteristic function then o(.) is of

degree at most 2 and corresponds to a normal distribution.

Proof of Theorem 1: Let (a4, ..., a,, 51_q, . ,ET, M,...,Nr) be obser-
vationally equivalent to (a1, ...,aq,&—g:---&r, M, ..., nr). The log charac-
teristic function of (1) is,

q T q
Py (8) = e (ag51) + ..+ 06, O a58;) + e O st 51+ Y ajsip)

7j=1 t=1 7j=1

T q
+ P (Z St; S2 + Z aj8j+2) to T O (STfl + 81, $17-1 + CL1$T> + Porter (ST)
=2 =1

q T q
=g (ags1) + ...+ @go(z a;s;) + 90771,51(2 St, S1 + Zﬁjst)
j=1 t=1 j=1
T q
+ i &2 (Z St S2 + Zajsj+2) oot Piir 1801 <ST_1 +s7,$71 + GIST) + Pip+ér (ST)7
t=2 =1



For argument u € R, consider the following derivatives,

d d d )
d82 d82 d81 (81,5 +15--s5¢4+3)=(a;,0—1,0,1—a; )u
~ (5 T (14 20) =2 (@ 20) L +a2—3> ()
Out Y 00w, ! Y or003 ' 0ad Pmsés
83 03 o3 3
1+2 2428 —— ~2_) s
<8 i al)aﬁ@@ @ al)(’?m@x% * alaxg i ()
d d d ( )
I — S
d8q+2 dSl dSl Y (81,8 +15---s5¢+3)=(a;,0—1,0,1—a; )u
83 83 83
= 9 >
<8x:{’ + 0120y + 011073 P () @=(0,d,;—a;)u
83 63 83
_ 9 ) s 7
((%51” + 012015 + 01023 P () 2=(0,0)
d d d
—py(s) N B
d8q+2 d8q+2 dSl (81,55 4+1,--,5¢+3)=(a;,0—1,0,1—a; )u
93 03 o3 93
— (8%1 (993 975 )90771,51 (33) 2= (05 —a;)u = (8_17“;’ + —01‘%01’2)(’0771& (iL‘)
d d d

T Pri(s
dwq+3 dvq+3 d82

v
3:(Uq+2v1,2 —AqUq+3,V35-+,Vg+1,— 1 +vq+37vl+(aq L)vg+3)

v=(w1:%i;aq) W30 Wq 1, W42, iqngg) (wl7w2’~~-,wq+2’wq+3)=(*5qvaqaq
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Noting that the derivatives evaluated at (0,0) are constants, we obtain the

linear system,

3
aa_xi’gpm 61 (w)

1 1+4+2a; a?+2a; a? @=(0,a;—a;)u

12 1o || aFmena(@) 2=0-)u | _ o
11 0 0| |aZmena(@ 07—y |
0 0 1 a1 %@nn&(m)

:B:(O,aj—aj)u
The matrix on the left is invertible as long as a; ¢ {0,1}. So,
o? o?
axg ()0771,51( ) m—(O'dfa-)u = %(P(a‘j_aj)& <U’> =C.
A\ J

Hence, ¢, —a;)e, (1) is a polynomial. By Marcinkiewicz (1939), (a; — a;)&; is

normal. By assumption &; is nongaussian, so a; = a; and a; is identified. O
Proof of Theorem 2: Let (a1,&,...,&r,m,...,n7r) be observationally

equivalent to (a, 50, . ,§T, M, -..,nr). Since the shocks are jointly normal

(with mean zero) all the information is in the system of second moments:

Var(y;) = 050 + O' L+ 051 + 20,6 = ala + 0 L+ O' + 207]151
Cov(y1,y2) = o— s alagl + (14 a1)ope = a,71 + alo'gl + (1 + al)aﬁlgl,
Cov(yr, Y144) = 0 Lt o = 0  tones Jj>2,
Var(y;) = 0 e+ 0 L+ ala& L+ Ugt + 2010y, ,¢,, + 200,
:a%l—i-...—i—a +ajoy | +oi + 20y, 5+ 205, t>1,
Cov(ys, Y1) = 021 +...+ th + alagt + a0y, e, + (L4 a1)ope,
= 07—271 —|—...—|—<7 +a10' -+ oy, gt (1+a)o; g,
Cov(ye, Yr45) = 0,71 +...+ 0’m + 10y, ¢, 1+ One,
:U%qu...—l—a +a10m l&l—l—aﬁta, 7> 2.
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The observationally equivalent model in matrix notation is,

Var(y:) @1 2 1 ...0 0 0 .. X
Cov(y1,y2) 0 1 1+a a 0 o0 0 T
Cov(y1, Y1+45) 0 1 1 0 ... 0 0 0 U:;é}

: ' : &

varw) | o1 o o .1 2 1 0'2
Cov(ye, Yi+1) 0 1 0 0 1 1+a o 7t
Cov(Ys, Yers) 0o1 0 0 1 1 0 U:;é

: &

Given any a; # 0, this is a system of linear equations with full row rank,

2. 02,0

~ g2 _
z O Omd O+ that solve these equa

so there are always covariances o
tions. By continuity of solutions for linear systems, we can always find a;
close enough to a; so that the observationally equivalent shocks have positive
definite covariance matrix. Thus the model is not identified. O

Proof of Lemma 1: The log characteristic function of (1) is,

q

q
QOY(S) = Qoﬁkq(aqsl) +..t 9050(2 aij) + ¥g (Sl + Z ajsj—i-l) + o (Z St)

j=1 j=1 t=1
T a
+Ome (D> st 524+ D a55542) + - A Popyery (ST + 57,571 4 15T) + Popyer (57)-
t=2 =1

Consider the following derivatives,

0? 0?

82
oy (s) = aqw%l (u)

+ 550 (U)‘
u=s1+3%_; 48541 ou2™™

88188[14_1 u=3"7_, st

Then for argument u € R,

0? 0?
Cov(y, yq+1) + m%’(s) = Qq <Vaf(§j) + @‘P(Ej—aj)& (U)>,

s:(aj,O,—l,O,l—Ej)u
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. Set the equation to be zero,

s=0

where Cov(y1, Yg1) = —#%Hwy(s)
2
Qq (Var(é.l) + %‘P(aj—aj)& (U)) = 07 J = ]-a - (g
By assumption a, # 0 and &; is nongaussian. Hence, the equation is zero if

and only if a; = a;. So a4, ...,a, are identified. O
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